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1. (i) x=—x—-y
So y=—-x—x
As y=x—y, ¥X—-x=x+x+x
X+2x+2x=0
M1
AQE A2+4+21+2=0,1=-1+i so x=e *(Acost + Bsint) M1Al cao
[Alternatively, x = y + vy leadingto j + 2y + 2y =0 and y = e *(C cost + D sint) etc]
So y=e ¢(Acost + Bsint) —e t(—Asint + Bcost) — e ¢ (Acost + Bsint)
=e '(Asint — Bcost)
t=0,x=1=>A4A=1and t=0,y=0=>B=0

So x =e tcost and y =e tsint M1A1 cao

Sq\\\

G1G1 (7]

y isgreatestwhen y=0 =x=y = tant=1 =>t=%+n7r

s T
b4 e 4 e 4
Hence t =3 thus (TE '_\/E) [\
x isleastwhen x =0 =>x=-y =tant=-1 =>t=%”+nn

_3m _3m
3r e 4 e 4
Hence t = e thus (-W,W> M1
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G1G1G1 [5]

(i) x=—x =>x=A4e7!

t=0,x=1=2A4A=1=>x=et M1
Soy+y=et

The integrating factoris et . Thus ely = [1dt =t +c¢
y=({t+c)et M1

t=0,y=0>c=0 soy=te ! Alcao

d y 1-t)e~t . . 1 -
&yt )_et =t—1 sothereisamaximumat (e71,e 1) M1
dx x —-e

d
As t - o0 , E AN M1

dx
Alternatively,

Asy=x—y,y=x—-y= —x—7y
So y + 2y +y =0 yielding y = (At + B)e™* M1
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G1G1G1 [8]
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2. () Let y=0, f(x+0)=f(x)f(0)Vx,so f(x) = f(x)f(0) vx M1
Thus f(x)(l —f(O)) = 0 Vx. Therefore, f(x) =0Vx,or f(0) =1M1

If f(x)=0Vx then f'(x) =0Vx butf'(0) =k +#0 so f(0) =1 Al* cso

. +h)— . Yf(h)—f( . h)—-1
f’(x) = limy_, (—f(x h) f(x)) = limy_, (—f(x f(h ! x)) = f(x) limy,_, (f(h ) M1

But limy_,q (f(’:l)_l) = limy,_,q (f(o+)_f(0)) = f'(0) =k so f'(x) =k f(x) M1A1* cso

Thus
flx)
o~

Integrating
ln(f(x)) =kx+c

M1
So f(x) =ef**¢ =4e"* [ As f(0)=1, A=1,s0 f(x) =el* M1 A1 cao [9]

(i) Let y =0,
g(x) + g(0)

9E+0) = g

M1
Thus g(x) + (9(0)) g(0) = g(x) + g(0) Vx
so ((9(0)" -1)g(0) =0 vx M1
As [g0l <1, (g(x)* =1%0,andthus g(0) =0 A1

glx+h)— g(x)>

gx) +g(h)
Ty — g(x)
< 1+ g(x)g(h) ) - lim

= lim
h—-0

( g +gh) —g)(1+ g(x)g(h))>
h

h(1+ g(x)g(h))

M1
(e (1-(g@)) 2\ g
- L‘l%( h(1+g@gm) |~ (1= (90)) fimy (h(l + g(x)g(h)))
M1
| g o g/ N (g,
#%<M1+mmgmn>‘53Q1+mmgmn>_ﬂ3<h )‘gm)_k
M1 A1l

Thus g'(x) = k (1 — (g(x))z) Al
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g'(x) B

(1-(9))

Integrating,
tanh 1 (g(x)) = kx + ¢
M1
g(x) = tanh(kx + ¢)
As g(0) =0, tanh(c) =0 andso ¢ =0 M1
Thus
g(x) = tanh(kx)
Al

[Alternatively, integrating having used partial fractions,

1 1+ g(x
Eln( 9 )>=kx+c

1-g@)
M1
As g(0)=0,c=0
1+ g(x) _ ook
1-g()
M1
and so
2kx _
g(x) = %
A1 [3]
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3. (i) (Ccl Z)(;)=(;) = ax+by=x cx+dy=y M1
(a—1)x = —by
—cx=(d-1y
Thus (a—1)x(d — 1)y = bycx ,thatis (a—1)(d — 1)xy — bcxy =0

So ((a -1Dd-1) - bc)xy =0 M1

Thus ((a—l)(d—l)—bc)=0 or x=0o0ory=0 M1

If Lyisx = 0,thenboth by =0 and dy =y, Vy

Thus, b = 0 and d = 1, meaning that ((a -1Dd-1) - bc) =0 El
Similarly, if Lyisy = 0, then both ¢x =0 and ax =x, Vx

Then ¢ =0 and a = 1, meaning that ((a -1D(d-1)— bc) =0

In all three cases, (a —1)(d —1) =bc E1

CdO=6)=C D6)=-6 D6 m
(¢ )6 -G D6)=0)

mas (70,2 )0)=0) -

As this is true for a line of invariant points, it does not have a unique solution and so E1

det(a;1 dfl)zo M1

and so ((a -1D(d-1) - bc) = 0 which implies both ((a -1Dd-1) - bc)xy =0 and
(a—1)(d-1)=bc El

If L, does not pass through the origin then either L is a) y = mx + k with k # 0

orb) x =k with k+0 E1

For a) (Ccl Z) (mxx+ k) - (mxx+ k) vx

Thus ax + b(mx + k) =x and cx +d(mx + k) =mx + k

As these apply for all x,and k + 0, bk = 0 which implies b = 0 and a + bm = 1 and thus
a=1

Also dk = k implying d = 1 and ¢ + dm = m which thus gives ¢ = 0 M1
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o) (¢ )(5) =) v

Thus ak+by =k and ck+dy =y

So ak =k implying a=1 and b =0 andck = 0 implying c =0andd =1 M1
Thus A=1 Al [9]

(i) f (@a—1)(d—1)=bc and b #0

abX_ax+by)... L _ _
then (c d) (y) = (cx +dy is an invariant point iff ax + by =x and cx +dy =y M1

Thatis (a— Dx+by =0, (a—1)(d—1Dx+b(d—1)y=0,bcx +b(d—1)y =0 andso
cx + (d —1)y =0 asrequired. E1

The line of invariant points is thus (a — 1)x + by = 0 whichis cx + (d — 1)y = 0A1

If @a—1)(d—-1)=bcand b=0thena=1orifa+1,d=1

a=1, (i 2) (;) = (cx i dy) so pointson c¢x + (d — 1)y = 0 are invariant. B1

a+1l, (Ccl 2) (;) = (cxa-ljf y) so pointson x = 0 are invariant. B1 [5]

(iii) L, is aninvariant line implies (Ccl Z) (mxx+ k) = (mxic+ k) and as L, does not pass

through the origin k #0 M1

So ax+b(mx+k)=x"and cx +d(mx+k)=mx"+k

As these are true for all x, true for x = 0 and thus bk = x’ and dk = mx' + k giving
dk =mbk+k andas k#0,d=mb+1 E1

Similarly, for x =1 andthus a + b(m+ k) =x" and c+d(m+ k) =mx" +k
So c+d(m+k) =m(a+b(m+k))+k
c+dm+dk=ma+(m+k)(d—-1)+k
c+dm+dk=ma+dm+dk—m—k+k

c=ma—m E1

So m(a—1)=cand d—1=mb

Hence, multiplying these m(a — 1)(d — 1) = mbc E1

Thus,if m# 0, (a—1)(d —1) = bc

f m=0, (? Z)(i)=(7€’) giving ax + bk = x" and cx + dk =k E1

As these must be true for all x, when x = 0, dk = k giving d = 1 and so for choosing any
x# 0,wefindc=0. Thus (a—1)(d—1) =0 and bc =0 giving (a—1)(d —1) = bc

E1[6]
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4. (i) Degreel, x —a; =0 hasroot x =a,; andso x — a, isreflexive. B1

Degree 2, x?> —a;x + a, =0 hasto have roots a; and a, to be reflexive.

Thus a;%2 —a,a; + a, =0 (givinga, =0) and ay,?—aa, + a, =0 M1 whichis
consistent. Thus, x? —a;x (+ 0) B1

Alternatively
a, =a, + a, and a, = a;a, givinga, = 0 and consistent forany a; M1

Thus, x2 —a;x (+ 0) Bl

Degree3, x3 —a;x? + a,x —az; =0

ay=a,+ a,+a;

a, = a;a, + azaz + aza,

az = a,a,;a; M1

The first equation implies that a, + a; = 0 M1 or in other words a, = —a;
This result substituted into the second equation implies that a, = a,a; M1

Continuing a,a; —a, = 0, a,(az —1) = 0 M1 so eithera, = 0 and thus a; = 0 in which
case the equations are consistent forany a; M1lor a3 = 1andthusa, = —1 and a; = -1
from the third equation. M1

Alternatively, from the third equation, a; = a;a,a; , a;a,a; —az =0, az(a;a, —1) =0

so az =0, a, = 0and consistent for any a, or a;a, =1 In the latter case it is simpler to use
equation two route again.

Yielding x3 —a;x? Al or x3+x? —x—1 Al

Alternative approach a3 —aya;%> + a,a; —az; =0 (A), a3 —a1a,% + aza, —az; =0
(B),and

a33 - a1a32 + a2a3 - a3 =0 (C) M1
So (A) implies a3 = a;a, and thus (B) becomes a,® —a;a,? + a,? —aja, =0
Hence a,(a,? —aja, + a, —ay) =ay(a; + D(a, —a;) =0 M1

Therefore, a, = 0 and so from (A) a; = 0 giving the polynomial x3 — a;x?, which is reflexive
Al

or a, = —1 and so from (A) az; = —a, giving the polynomial

© UCLES 38 STEP 3 2019



x3—a;x? —x+ a; = (x — a;)(x? — 1) for which the equation has roots a; and +1 . Thus
as; = —a, = 1 so the polynomialis x3 + x? — x — 1 for which the equation has roots —1 ,
—1 and 1 and so is reflexive M1 Al

or a, = a, andsoAgives a; = a;? ButCis a3® —ajas? + aza; —az; =0 andso
az(az® —a;a; + a; —az) =0, az(az —a;)(az—1) =0 M1
az;=0,a, =0, a, =0 giving the reflexive polynomial x3

as; = a, ,implies a; =0 or a; = 1giving x3 againor a; = a, = a; = 1 giving the
polynomial x3—x? + x —1=(x?+1)(x — 1) which is not reflexive. E1

a; =1, implies a; = a, = +1 giving 1,1,1 which is not possible or -1,-1,1 (both already
considered) E1 [11]

Summary degreel x —a,, degree2 x? —a,x (+ 0) , and degree 3 x3 — a,;x? or

a3 4 x? —x—-1

(ii)

r=1
and so,
n
Do
r=2
Bl
1
a, = 52 aiaj
i#j
n 2 n n
(3) - Sots Fa-10 3
r=2 r=2 i#j r=2
M1
Thus
n
= Z a,? + 2a,
r=2
Hence
2a, = —a,? — az? — - —a,?
as required. Al*
a2 +2a,+1=1- az?— - —a,?
Thus,
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So

Q
w
N
+
+
Q
S
N
IA
[N

M1
If all the coefficients are integers, then as a,, # 0, a,,> = 1 and the other coefficients for

r=3,..,n—1arezero. But

n
=] Ja
r=1
so we have established a contradiction. Thusif a, # 0, n <3 E1 [5]

(iii) So apart from those found in (i) with a; integer, any other reflexive polynomials must have
a, =0 El

So

x® —ax" ax™? — e+ ()" a1 x =0
ox(xt—ax™ a3 -+ (=1 1q,_ ) =0
M1

which gives a root of zero plus the roots of the bracketed expression. Thus we require the bracketed
expression to be itself a reflexive polynomial. This can only happen if either the bracketed
expression is of degree 3 or, in turn, a,,_; = 0, and so on. El

Hence, we have x —a;, x? —a;x (+ 0) , x3 —a,;x? , (with a; integer), x3 +x? —x—1,
or these multiplied by x".

Thatis (x —a;)x" or (x + 1)?(x — 1)x” with r=0,1,2, ... Al (4]
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x
f(x) =
Jxi+p
/xZ + p— x%z—x
, x*+p p
fx) = o = 3
P (x? +p)2
M1
/N
.
' o = s ——— — — = N SRk =
7
G1
G1 (3]
(i) for answers using substitution from question paper
_ bx dy bp
= _— = 3
Jxi+p dx (x2 +p)2
b2 —y2 = p?_ b?x?  (b? —b*)x* +b’p b?%p
x?+p x?+p x>+p
M1
222 b?x? (2 —bH)x*+c?*p
y x%+p x%+p
M1
So
1 (x% +p) x2+p bp
f dy =f % 3 dx
(b% —y?)yc? —y? P V(e =bDx? +c?p] (52 4 p)2
M1
1
= f dx
b/[(c? — b2)x2 + c2p]
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M1 [4]

Let c?2=2 M1
Let b%2 =3 M1
Thus

vz ?

?

f 3 - yZ)lm dy = ?fs’ﬂ—;xzdx - [%tan‘l (%)],,

1

i M1 M1 [5]
-1 & _ _ 1
let ¥y = &~ M1
1 1 vz
f y 4 fl 1 L f 1 ;
y= - ——ax = x
{Gy2-nDy2yr-1 7 Jx3 g 2 T ) B3-ad)V2-a?
V2 x x2
M1
and so is same answer as previous part Alft [3]

(i) for answers using correct substitution where candidates have realised there is a misprint

cx dy cp

= _
3
x2+p dx (x2 + p)2

c?x*  (b*—c®)x* +b%p

bZ —v2 = b2 _ —
y x%2+p x%+p
P 252 _ 2p
y x2+p x*+p
M1
Choose p=1 B1
So
f 1 4 f x?+1 vxZ +1 c 4
y = s dx
(b2 — y2),/cZ — y2 b% + (b? —c?)x? ¢ (x2 +1)2
M1
_f 1 d
) b2+ (b% — c?)x2 *
Al* [4]
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let ¢c2=2 Then (x?+1)y%?=2x? so

and y - V2,x > o
Let b2 =3

Thus

¢ 1
d
lf B-y)y2-y*

x? =

=1,x=1

Bl M1 Al

1
y_f3+x2dx
1

—tan~

\/_

M1 A1

(@), - 5695

1

1 av__ 1t
Let y—x,dx— =z M1
1 1 V2
J‘ y i fl 1 1 o 1 d f 1 p
y = ——dx = X
) By?-12y7 -1 P 31z, * ) (3 -x2)V2—x?
= x X2
M1
. s
and so is S5 Alft [3]
(iii) If
bx dy bp
T Taas odx
x“+p (x2 + p)z
and so
2
(x2 +p)y? = b%x?, x* = —bfi]yz M1
thus
1 bp
f . = f 3 dx
(33’ - 1)\/ 2y° — 3b2x2 ) 2h2x2 3 (xZ + p)?
x2 +p x%+p
bp 1
:f 2,2 2 dx
(3b%2x2% — (x2 + p)) \2b%2x2 — (x2 + p)
M1
Choosing 2b?> =1 and p = —1 we have B1
1 vz _i [e9)
1 f \/§ 1
dx = \/Ef dx
!(3y2—1)m len EXT?
V2

© UCLES

43 STEP 3 2019



Al [5]
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6. |z—al’=Gz-a)z-a)'=(zZ—-a)(z"—a*)=zz"—az* —a*z+aa*

M1

So z satisfies |z — a|? = r? which means that the locus of P is a circle (C) centre a and radius r

(which does not pass through the origin as 72 # aa* .)

. 1 1
(i) Asw==, z=— so
z w
O S U U
———a——a —+aa"—r“=0
ww w w
(aa* —r>Hww* —aw —a*w* +1=0
ww* — w— w
aa* —r? aa* —r?
* * *

aa* —r?

Al [2]

M1

0

ww* —|——— | w—(——|w
aa* —r? aa* —r?

) G
aa* —r?) \aa* — r?

a* a
(aa* - rz) (aa* - rz)

2
a* aa® 1

aa* —r?

TZ

W_
‘ aa* —r?

*

So C'is acircle centre ——— with radius | —
aa”—r aa”—r
If Cand C’ are the same circle, then
a*
a=
aa* —r?
and
2 r 2
= | - 2|
aa* —r
Thus

r2(|al? — r2)? = 12

and dividingby 72 =0, (lal> —=7r%)2 =1 asrequired.

"~ (aa* —1?)? Caar—r? (aa* —r?2)2

M1
Al [3]
M1
M1
Al* 3]

So |a|? —r? = +1 and the equation equating the centres becomes a = +a*

M1

f a=c+di,and a=a", c+di =c—di implying d =0 and hence aisreal. M1A1l

Gl

*

If a=c+di,and a=—a
M1 A1l

Gl

© UCLES 45

[7]

, c+di =—c+di implying ¢ =0 and hence a is imaginary.

STEP 3 2019



>
G

\«

.. _1
(i) f w= - then

. a* 2 Tz
w =
aa* —r? (aa* —1r2)2
M1
o)
a |? r?
W =
aa* —r? (aa* —r?2)2
M1
a
and thus, as before |al|? —7r? = +1 butnow a = Al

aa*-r?

Sointhe case |a|? — 2 = +1, then any a with |a| = V72 + 1 is possible; in the case
lal]?—=r2=-1, a=0 (inwhichcase r = 1) Al

So, it is not the case that a is either real or imaginary. Al [5]
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So x2 = y? whichgives y = +x
or x2+y?=a?

Alternatively
y* — x* = a?y? — q?x2

so (2 —xH)(*+x2)—a*(y?—x*)=0

\

G1
3]

(ii)
y2(y? —5) =x*(x* - 4)

a)
(x*)? —4x* —y*(y*=5) =0
So for real x?,

16 + 4y%(y2—=5)=>0
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M1
(¥2)?—5y2+420
2 -1DGp*-4)=0
O-DO+DHY-2)p+2)=0

M1
As y=0,
-Dy-2)=0
So 0<y<1ory=2 Al* [3]
b) For small xandy,
y* —5y? = x* — 4x% becomes 5y?=~4x%? so y=~ ij—; B1
For large xand y,
y* —5y? = x* — 4x? becomes y*=~x*so y=~+x B1 [2]
c)
y2(? =5 =x*(x*-4)
d
(4y3 - 10y)£ = 4x3 — 8x
M1
d
D0 > 4x3-8x=0
dx
4x(x2-2)=0
M1
So x=0,y=0, V5 or x=v2,y=1, 2
Thus (0, \/E) ) (\/5,1) , (\/5,2) but not (0,0) AlB1
dx_ 0 = 4y3—-10y =0
2y(2y?2=5)=0
M1
Soy=0,x=0,2 buty =\/§ gives x complex El
Thus (2,0) butnot (0,0) Al [71

© UCLES 48 STEP 3 2019



31
//
%Jg e A T
/ /Jh i
il AN
il A\
prad LY
z \
i \ N
Gl G1 G1G1 (4]
(i)  G1ft [1]

AN v st
\/‘T\//

—

4k A

g
2
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8. (i) If W is centre of base, and M is midpoint of AB, then

R 0
MV = Al cosa
sina

M1
0
So a unit vector perpendicular to AVBis | —sina Al (or B2)
cosa
sinf
Similarly, a unit vector perpendicular to BVC is < 0 ) B1
cosf

AS the obtuse angle between AVB and BVCis ™ — @, the acute angle between the two unit

vectorsis 8, and so
0 sinf
(—sina)-( 0 >=cost9
cosa cosf

Hence cos 6 = cos a cos 8 as required. Al* [5]

("}

(i) MW =VW cota , BM = NW =VW cotfs, BW = VW cotg M1
By Pythagoras, MW? + BW? = BW? andso cot?a +cot?f =cot?¢p M1

So
1

tanfgp = ——————
Y= cotta + cot? B

and thus

1
2
sectp=—5>——"-——+1
¢ = ot a + cot? B

M1
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giving

5 cot? a + cot? B tan? a + tan?
cos? @ = =
$ = ot a + cot? B +1 tan?a+ tan? B + tan? atan? B
M1
B sec’a +sec’p — 2
" sec2a+sec2f —2+ (sec2a —1)(sec2f — 1)
M1

B cos? a + cos? f — 2 cos? a cos?
~ cosZa + cos? B —2cos? acos? B+ (1 —cos2a)(1— cos?p)

M1
_ cos®a + cos® B — 2cos? 6
- 1 — cos? a cos? B
_ cos®a + cos® B — 2cos” 6
B 1—cos?20
M1 A1*[8]
(cosa —cos )% =0
Thus
cos?a + cos?f = 2cosacosf = 2cos
M1
So
5 cos?a + cos?f —2cos?8  2cosh — 2cos? 0
cos? @ = >
1—cos20 1—cos20
Al*  [2]
2cos@ —2cos?6  2cosB (1—cosbh)
1 —cos20 " (1 —cos8)(1+ cosB)
1—cosf # 0 as 6 isacute. El
Thus
2> 2cos @ _ 2 p
s ¢ = (14 cosf)  (1+cosh) €os
As 6 isacute, (14 cos8) <2 andso cos O > cos 0 El
(1+cos6)
But also cos 8 > cos 6 cosf El

Hence, cos? ¢ > cos? 6
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As both cos @ and cos @ are positive cos@ = cosf , andso ¢ <0 E1E1 [5]
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r=(asinf —s)i+acosbj

B1
So differentiating with respect to time,
T = (aécose —S)i—aésin& j
M1
Conserving linear momentum horizontally, M1
m(aécos@ —s') —Ms=0
Al

Thus maé cos@ = (m + M)$,andso § = ——af cos = (1 —L)aé cos 6
m+M m+M

$=(1-k)ab cosb

[2]

(3]

[1]

M1
Hence,
T = (aé cos0 — (1 — k)ab cos@)i —absinb j
=af(kcos@i—sinb j)
M1
(i) Conserving energy, M1
1 . 2 1 .\ 2 2 .2
mga = mga cos 6 + EM[(l — k)ad cos 9] + Em(a@) [(k cos )% + sin* 0]
Al
So
2mg(1 — cos 8) = af?(M(1 — k)? cos? 6 + mk? cos? 6 + msin? 6)
That is
. (M
29(1 — cos B) = ab? (E(l —k)? cos? 6 + k? cos? 8 + sin? 9)
As
I = M
T m+M
m+M _ 1
Mk
m 1 1= 1—-k
M k  k
and so M1
Mk
m 1—k
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. k
29(1 — cos8) = ah? (m (1 —k)? cos? 8 + k? cos? 0 + sin? 9)

M1
= ab?(k(1 — k) cos? @ + k? cos? @ + sin? 6)
= ab?(k cos? 6 + sin? 9)
Al*  [5]
(iii)
#=ab(kcos@i—sinb j)+ad(—kfsinfi—0cosb j)
M1
= alk(f cos8 — 6%sin6)i — (6 sin@ + 62 cos 0)j]
Al
When the particle loses contact with the sphere, i = —gj El
So,#.(sinfi+kcos@j)=—gj.(sinfi+kcosfj) with 8 =« M1
Therefore, a[kf cosasina — kf?sin? @ — kf cosasina — k % cos? a| = —kg cos a M1
which simplifiesto  af? = gcosa Al1* [6]
Substituting in the final result of (ii),
gcosa (kcos?a+sin®?a) = 2g(1 — cosa)
Thus M1
(k—=1Dcosa+3cosa—2=0
Al
3cosa—2=(1-k)cos®a
k<1,and cosa >0 so 3cosa—2>0 andso cosa >§ El [3]
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10. (i) Asthe spheres are smooth, as is the table, the momentum of P perpendicular to the
direction of the line of centres is unchanged so
mu sina = mv sin(a + 8)

(\"

and so
usina = vsin(a + 8)

as required. Al* [2]
Conserving momentum in the direction of the line of centres,
mu cosa = mv cos(a + 0) + mw
M1 Al

and so
ucosa =vcos(a+0)+w

Eliminating u,

vsin(a + 6) cosa = vcos(a + 0) sina + wsina

M1
So
vsin(a + ) cosa —vcos(a + 0) sina = wsina
That is
vsinf = wsina
sin 6
wW=v—
sina

M1 A1 [5]

[Alternatively, this result can be obtained by conserving momentum perpendicular to the original
direction of motion of P.

0 =mwsina —mvsin @ M2 Al
(ii) Newton’s experimental law of impact in the direction of the line of centres gives

w—vcos(a +0) =eucosa

M1Al
Substituting for w and u in terms of v gives
sin 6 evsin(a + 8) cosa
v———vcos(a +0) = -
sina sina
M1
Thus
sin@ — cos(a + 0) sina =esin(a + ) cosa
or that is
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sin@ = cos(a + 0) sina + e sin(a + 6) cosa
Al*  [4]
Expanding and dividing through by cos 6
tan@ = cosasina — sin®atanf + esina cosa + e cos? a tan @
M1
tan@ (1 +sin?a —ecos?a) = (1 + e)sina cosa
Thus, dividing by cos? a M1

tan 6 (sec’a +tan’a —e) = (1 +e)tana

an g — (1+e)tana
an T 14 2tan2a—e
Al [3]
let t=tana,
(1+e)t
A T
d(tan) (1—e+2t*)(1+e)—4t(1+e)t
. (1 —e + 2t2)2
M1 A1l
For a maximum,
d(tan0) 0
ac
(1—e+2t?)—4t2=0
M1
‘= 1—e
] 2
Al

_(1+e) [1-e V2(1+e)
2(1-e) 2 a/i—e

Al ft

tan @

This is the only stationary value and must be a maximum as for t =0, tanf = 0andas t - o,
tan6d — 0,and forallt,tanf8 > 0. El [6]

© UCLES 56 STEP 3 2019



11. (i) If X is the number of customers who take sand,

P(X=71)= i’li . (Dpra-pi
" i! r
L=r
M1l Al Al

_ Gpyre™ i 2 -p)l!

r! i!

I=0

M1

r,—A

r!
_ (Ap)re
- r!
Al*
and so it follows a Poisson distribution with mean Ap . [5]
(ii)
E(mass taken)
Ap)te=4p Ap)2e=P
— 0.7 4 ks.% +[kS + k(1 — k)s].%
. Ap)3e~P .
+ kS + k(1= K)S + k(1 — k)zs].% +
M1l Al
1-(1-k)?*Up)? 1-(1-k)3Up)3
PN PR el € 0 ) 1=k
1-(1-%k) 2! 1-(1-k) 3!

for k=0 El

kS Ap)?  (Ap)3 1-k)?2?p)? (1 -k)3p)?
:e‘)tll’7 </’lp+(§!) (5!) +-..>_<(1—k)/1p+( ;!(p) +( ;!(p)

= 5 (e —1) = (et 1))
M1
= 5(1 —e*P)
Al*

If kK =0, then the expected sand taken is zero which is S(l — e‘k)‘p) El [6]

)
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(iii) Using the working form part (i), the probability that r customers take sand is

(Ap)Te P
T!
and from (ii) the mass of sand taken is
1-A-k)7 -

so the amount that the merchant’s assistant takes is S(1 — k)" .

The probability that the assistant takes the golden grain in this case is thus
kS(1 - k)"

=k -k

M1 A1l

The probability that the assistant takes the golden grain is
had r,—Ap had _ r
P=Yka- oy P Y [A=BWI" | ap a0 _ p-kip
7! T!
r=0 r=0

M1A1l [4]
If kK =0, no sand is taken by anyone including the assistant so P should be zero, 0e® = 0 El

As k-1, ke kAP - =P which is the probability that no customer takes sand, in the limit, the

only way the assistant can take sand, in which case the grain is bound to be in his sand.. E1 [2]
P = ke Kk
dap
— =7 — kApe P = (1 — kAp)e K
dk
M1
. ap 1 1 .
For a maximum, pri 0,s0 k= et (Note pA>1, SOE < 1 asrequired because k <1) A1l

Justifying that this gives a maximum either:-

1 dp 1 ap .
k<— = —>0and k>— = — <0 asrequired
Ap dk Ap dk

or
2p
= —Ap(1 — kAp)e ¥ — Ape k4P = Jpe~*4P[kAp — 2]
dfor k=-1,%2 = Jpe1 <0 ired E1 O[3
and for k = =, 25 = —Ape as required. [3]
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12. For each subset, each integer can be in it or not. Hence the number of possibilities is

2X2X2.x2=2", E1l [1]
(i) P(1€A) :% B1 [1]
(i) P(tE€A, NA,) = i B1
3 n
For A; N A, = @, no element is in the intersection, so P(A; N A, = Q) = (Z) M1

P(AlnAznA3=(z))=<g)n

M1 A1l (or B2)

1 n
P(AlnAZn...nAmzq)):(l——)
M1 A1 (or B2) [7]
(i) A€ A, =>2t€A NA,, teAINA,, or, teAINA,

M1

37’1
So P(4; C 4,) = (Z) M1A1 [3]
AjC A, CA3=2t€eA NA,NA; teEA'NA, NAst €A NAY NAsor,t €A ' NA, NAS

M1A1

So P4, €4, 45) = (5) = () M1A1 [4]

A CA) A =>t€EA NA, Ay, t€EAINA,,, At €EATNAY LAy ... , tEAINA, LAY
M1A1

m+ 1\"
P(AjcA,c---CA,) = (2—m>

M1A1 [4]
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